The cosmological evolution in Nonlinear Born-Infeld( hereafter NLBI) scalar field theory with negative potentials was investigated. The cosmological solutions in some important evolutive epoches were obtained. The different evolutional behaviors between NLBI and linear(canonical) scalar field theory have been presented. A notable characteristic is that NLBI scalar field behaves as ordinary matter nearly the singularity while the linear scalar field behaves as "stiff" matter. We find that in order to accommodate current observational accelerating expanding universe the value of potential parameters |m| and |V 0 | must have an upper bound. We compare different cosmological evolutions for different potential parameters m, V 0 .
Introduction
The role of rolling homogeneous scalar field has been widely discussed in the various epoch for a variety of purposes [1] . Recently, with the surprising discovery of an accelerating expansive and spatially flat universe, the scalar field has gained another newly discussion as a candidate for dark energy. It can drive current accelerating expansion while its energy density can fill in the universe as "missing matter density". The most popular models with scalar field may be the linear scalar field model( a canonical scalar field described by the lagrangian L = 1 2φ 2 − V (φ)) [2] [3] [4] [5] [6] , the K-essence model( a scalar field with a non-canonical kinetic energy terms) [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and the "phantom" model(a scalar field with the negative kinetic energy terms) . The potentials in these models are chosen non-negative to avoid negative potential energy density. It is shown that the expanding universe with non-negative potentials have a common property that they will expand for ever, though the evolutional behavior of future universe has significant differences corresponding to different potentials. However, research shows that negative potentials can also lead to a viable cosmology [53] [54] [55] [56] . Moreover, the universes with negative potentials are entirely different with the universes with non-negative potentials. They can trigger our flat universe from expansion(H > 0) to contraction (H < 0), which will never occur in standard FRW model( previous oscillatory model only appears in a close universe in standard FRW model). Hence negative potentials are used to propose the "cyclic universe" model. In this cyclic scenario, when the scalar field rolls to a minimum of its effective potential with V (φ) < 0, the universe will stop expanding and contract to a singularity eventually. Additionally, negative potentials also appeared in supergravity theory and in brane cosmology. It is theoretically important to continue investigating the cosmological features in other models where the effective potential V (φ) may become negative for some values of the field φ.
Nonlinear Born-Infeld scalar field theory is firstly proposed by W.Heisenberg in order to describe the process of meson multiple production connected with strong field regime [57] [58] [59] and then is discussed in cosmology [60] [61] [62] [63] [64] . It shows that the lagrangian density of this NLBI scalar field posses some interesting characteristics [65] [66] . In Ref [65] , the author showed that a singular horizon exists for a large class of solution in which the scalar field is finite. Naked singularities with everywhere well-behaved scalar field in another class of solution have also been found in Ref [65] . Lately the quantum cosmology with the NLBI scalar field has been considered [67] . In the extreme limits of small and large cosmological scale factor the wave function of the universe was found by applying the methods developed by Vilenkin, Hartle and Hawking. The result has suggested a non-zero positive cosmological constant with largest probability, which is consistent with current observational data. The classical wormhole solution and wormhole wavefunction with the NLBI scalar filed has been obtained in Ref [68] . The phantom cosmology based on NLBI scalar field with a special potential had been considered in Ref [69] [70] . The results show that the universe will evolve to a de-sitter like attractor regime in the future and the phantom NLBI scalar field can survive till today without interfering with the nucleosynthesis of the standard model. Very recently, with the analysis to Gold supernova data, we show that maybe the NLBI scalar field model is superior to conventional quintessence model [71] . Furthermore it is showed that in another analogous NLBI theories with the lagrangian
2 ) the contribution of the gravitational waves to the CMB fluctuations can be substantially larger than that naively expected in simple inflationary models, which make the prospects for future detection much more promising [72] [73] . It is also showed that with the same lagrangian, one can send information from inside a black hole [74] . In Ref [75] [76] , authors consider a non-Abelian Einstein-Born-Infeld-dilaton theory, where they concern a non-abelian vector field which couples to the dilaton and then describe a dark energy mechanism in a cosmological framework.
The key idea of NLBI scalar field theory is that the conventional quintessence scalar field can not describe the reality correctly in the case of strong field. The lagrangian of conventional quintessence model(here we also call it linear scalar field):
should be substituted by the lagrangian of NLBI scalar field
which can recover to conventional case whenφ → 0. In fact, the lagrangian of NLBI scalar field(Eq.2) implies that there exists a maximum constant value 1 √ η for field velocityφ, which is very analogous to the universal constant velocity c. It means thatφ never reaches infinity while in linear scalar field model there are no such constraint. In this paper, we combine the two ideas(negative potentials and NLBI scalar field theory) and consider the cosmology based on the NLBI scalar field with negative potentials. We think it may be very interesting and meaningful to see what will happen in this case. The paper is organized as follows: In section 2 we will describe theoretical model in NLBI scalar field theory and consider several basic regimes which are possible to happen in NLBI scalar field: the potential energy dominated regime, the kinetic energy dominated regime and the transient regime that the universe switches from expansion to contraction. In section 3, we investigate the different cosmological evolution in different cases and plot corresponding evolutive behaviors in detail. For the potential V (φ) = 1 2 m 2 φ 2 + V 0 (V 0 < 0) We consider the universe evolution with different slope m and different potential well V 0 . the cases that V 0 > 0 and V 0 = 0 are also presented to compare with the case V 0 < 0, moreover we compare the different evolution between NLBI scalar field and linear scalar field. in section 4 we mention the cyclic model and consensus model. Conclusion and summary is also presented in section 4.
Theoretical Model in NLBI Scalar Field theory
We consider the behavior of the NLBI scalar field in the Friedmann universe with the spatially flat FRW metric ds 2 = dt 2 − a 2 (t)(dx 2 + dy 2 + dz 2 ). The energy density and pressure density for NLBI scalar field are:
Corresponding Friedmann equation is
ρ α is the energy density of a matter with baryotropic equation of state p α = αρ α , where α is a constant. For nonrelativistic matter α = 0, for radiation α = . The evolution equations with Hubble parameter H are:
Whenφ → 0, ignoring the higher-order term ofφ Eq.(8) will recover to quintessence model:
where potential V (φ) = 1 2 m 2 φ 2 + V 0 (V 0 < 0). Eq.(8) also tells us that whenφ increase to its maximum 1 √ η ,φ will decrease to zero and this preventsφ from increasing continuously.
We will use a system of units in which M p = (8πG) −1/2 = η = 1 for convenience. It is very difficult to obtain the general exact solution for the Eqs.(6-8). However we are able to obtain the solutions in some special regimes:
A.The potential regime: Energy density dominated by V (φ) In this caseφ 2 /2, ρ α << V (φ) and |φ| << |3Hφ|. We will find that in this case the result for NLBI scalar field is similar to the one shown in Ref [77] . It corresponds to the vacuum-like equation of state:
The equations for a and φ in this regime have the following form:
When m 2 φ 2 >> |V 0 |, we can obtain the solutions for φ and a:
Where φ 0 and a 0 are different integral constant. These solution are very anologous to the results in Ref [77] [78] [79] . It has been argued that these solutions describe inflationary universe. However if we consider positive potential
Integrating Eq. (15), we get the solutions for φ and a:
where C 1 is the integral constant. For linear scalar field, the corresponding equation is
and the solutions are
Eqs. (16, 17) show the evolution of universe when φ is in the bottom of potential while Eqs. (13, 14) describe the universe when φ is far from the bottom. This two regime are both the accelerating expansion, so it can be considered as a simple version to describe an eternally self-reproducing inflationary universe, as well as the present stage of accelerating expansion. Eq. (19) shows that φ will roll down the potential and settle on the bottom of the potential permanently to mimic the de-sitter accelerating expansion. From Eqs. (15, 18) , we can also know, due to the nonlinear effect, the attenuation of NLBI scalar field is slower than linear scalar field. However if V 0 < 0, the later time accelerating expansion will never occur. The evolution of universe will be completely different with the case V 0 > 0
B. The kinetic Regime:Energy Density Dominated by Kinetic Energy
This regime is very important because in this case the nonlinear effects are distinct. This regime corresponds to strong fieldφ. When energy density dominated by kinetic energy, we can neglect V (φ) and ρ α . Then the Eqs. (5, 8) become:
we have the solutionφ
Since in the kinetic energy dominated epoch,φ is close to 1, from Eq. (22) we know that the scalar factor a(t) will be very small. Eq.(22) describes an expanding universe from a singularity or a contracting universe towards a singularity. Form Eqs. (20, 22) , we can obtain
The solutions can be written as follows for small scale factor and strong field:
(24)
We can represent the kinetic energy term and the potential energy term as:
Therefore we can conclude that: Firstly, if the solution describes an expanding universe from a singularity, E k drops down rapidly while E p changes slowly. Therefore the regime with energy density dominated by potential V (φ) will appear when the evolution is far from the singularity. Secondly, if the solution describes a contracting universe towards a singularity, E p grows slowly while E k diverges as t −2 , (t is the time remaining before the big crunch singularity), and in this case E k will dominate the universe. Therefore we can conclude that the kinetic energy E k will always dominate the universe in the vicinity of the singularity.
Here we should point out the different results between NLBI scalar field and linear scalar field. The solution for a(t) and φ(t) of linear scalar field are given in [77] :
2 , which are different to the solutions Eqs. (24) (25) (26) . The NLBI scalar field behaves like nonrelativistic matter (a(t) ∼ t 2/3 , ρ ∼ 1 a 3 ) near the singularity while the linear scalar field behaves like "stiff" matter(a(t) ∼ t 1/3 , ρ ∼ 1 a 6 ). This may lead to some interesting cosmological implies. However we should point out that if the evolution happens in the presence of other fields or other source of matter whose density energy behaves as 1 a n (n > 3), then our NLBI scalar field will not dominate the universe near the singularity. In this case the evolution presented here will be modified by the influence of other fields near the singularity.
C.The transient regime: Switch from expansion to contraction After analyzing two special regimes, we now pay attention to another important regime: the transient regime that the universe begin to contraction from a expanding phase. Before numerically studying this process, we try to get some solutions by some simple approximation. Since we study the very vicinity where Hubble parameter vanishes(H ∼ 0), we can neglect the term 3Hφ(1 −φ 2 ) and rewrite Eq. (8) 
Furthermore, the value ofφ will be also very small in this case. Taking the first order approximation of (1 −φ 2 ) 3/2 in Eq.(27), we get:
Integrating Eq.(28), we obtain:φ
In Ref [77] , it is argued that only if |V 0 | ∼ 10 −120 the time that universe begins to collapse can be greater than the age of present universe. In the transient regime,
The solution of Eq. (30) is
Up to now, by some reasonable approximation, we know that in the vicinity where the universe evolves to contraction from expansion, the field φ will experience a simple oscillatory motion φ ∝ cos √ 2 2 mt (Fig.2) . With respect to the equation in Ref [77] , where φ ∝ cos mt, it is the nonlinear effect that makes the different evolution.
Next we will investigate what happens during the transient regime (where the sign ofȧ changes). We also try to obtain the analytical solution by some reasonable approximations First of all, we represent
convenience. we assume that the field φ begins the oscillation at t = 0, moving with zero initial velocity from a point φ 1 ≈ φ 0 . The initial energy density of the field is △V = V (φ 1 ) = 1 2 m 2 (φ 1 2 − φ 0 2 ) << |V (0)|. We will evaluate the turning point moment t c when H ∼ 0(i.e, a ∼ 0). Using the same method in Ref [77] , we will consider the series expansion of the Hubble parameter around the beginning of this process
where H 
. Including the terms up to t 3 in Eq.(32), we get:
This means that the Hubble parameter vanishes at the time t c , where
Here the result of t c (Eq. (33)) is the same as Ref [77] , this is because we set the initial velocitẏ φ(0) = 0. When △V < m 2 φ 0 4 , this results imply that the turn occurs in the vicinity of the point φ 0 where the potential becomes negative. In the short time when universe begins to contract from expansion, we can also study the subsequent evolution of φ(t) and a(t). We therefore take a = 1 during this time, and φ(t) = φ 1 cos √ 2 2 mt. The potential can be expressed as:
The acceleration of the universe is given bÿ
The initial value ofȧ equalsȧ = ±a △V /3 = ± △V /3, this yieldṡ
Where the sign " + " denotes an expanding universe at the beginning of the oscillation. In this case the universe will stop its expansion at φ = φ c and then collapse to singularity. " − " denotes a collapsing universe at the beginning of the oscillation. In this time the universe will continue collapsing to singularity(see Fig.1 ). We numerically plot the evolution of the scale factor a and scalar field φ( Fig.1 and Fig.2 ) at the time when universe switches from expansion to contraction. 
The Cosmological Evolution in NLBI Scalar Field and Linear Scalar Field Theory
In this section, we will investigate the cosmological behaviors using numerical approach and plot the results in details. For the potential 1 2 m 2 φ 2 + V 0 (V 0 < 0), we will consider the different cos-mological evolutions with different potential wells(i.e, different negative V 0 value) and different potential slope (i.e, different m value). We will also plot the different behaviors between NLBI scalar field and linear scalar field theory. The different evolutions in case of V 0 > 0, V 0 = 0, V 0 < 0 are also studied. In fact, the evolutions of these three cases describe the common feature of three class of potentials: positive potentials, non-negative potentials and negative potentials. From Fig.4 , it shows that the universe can undergo an accelerating expansion, then a decelerating expansion and ultimately contract to singularity. Though the potential well are different, the universe have nearly same evolution at the beginning. It also shows that the deeper the potential well is, the shorter the age of universe is. Since we now live in a expanding universe where the large scale structure had formed, there must exist a upper bound for the value of potential well |V 0 |. At the time when universe begins to contract from an expansion, the scalar field φ begins to oscillate and ultimately moves to −∞ (Fig.5) . The velocity of field |φ| will reach its maximum value 1 finally. The result presented in Fig.8 shows that the steeper the potential slope is, the shorter the universe age is. Therefore there also exist a upper bound for the value of slope m to accommodate an accelerating expansive universe with the large scale structure formed. At the time when universe begins to contract from an expansion, the scalar field φ begins to oscillate and ultimate moves to ±∞ (Fig.9) . The velocity of field |φ| will reach its maximum value 1 finally.
Case 3. Comparison between Linear Scalar Field and NLBI Scalar Field
In NLBI scalar field theory, the linear scalar field theory is considered only correctly in weak field regime and will be not valid in strong field regime. It is necessary to investigate their different cosmological evolution in this two theories with the same parameter value and initial conditions. The results are plotted in Figs.11-14 .
For the same parameter value and initial condition, Figs.11-14 show that this difference is quite noticeable. The different evolution of scale factor (Fig.12 ) leads to different expansive rate H i at time i (Fig.11) : the value of Hubble parameter in NLBI scalar field theory is lager than the value in linear scalar field. Case 4. Comparison between positive, non-negative and negative potentials Now we have known that whether the potential can evolve to negative value is very important to the destiny of universe. A spatially flat universe with a negative potential may eventually collapses, which is not the same as in the general textbook. We plot the different cosmological evolution with the potential parameter V 0 > 0, V 0 = 0, V 0 < 0 in NLBI scalar field theory. The Furthermore, we plot the evolution of the density parameter Ω when V 0 > 0, V 0 = 0 and V 0 < 0 (Fig.18) . The starting point is chosen at the equipartition epoch, at which Ω M i = Ω ri = 0.5. We should emphasize that in fact we plot the evolution of three cases when V 0 = 4.5 × 10 −6 , V 0 = 0, V 0 = −4.5 × 10 −6 in Fig.18 , but we can not find any difference from Fig.18 . It shows that up to now there are no difference in the evolution of the density parameter Ω for small value of |V 0 |, though the future of the universe is dramatically different for those three cases(see Fig.15 ). 
Negative potentials and Cyclic Universe
Till now we have studied the evolution of the universe and classified new possibilities which appear in NLBI scalar field theories with negative potentials. It is very interesting to investigate its cosmological evolution and its differences with linear scalar field. It is true that the universe with negative potentials will end with a crunch and never expand again. They are born in a singularity and end in a singularity. Recently, P.J.Steinhardt and N.Turok proposed a version of cyclic scenario [80] [81] [82] . It is based on the idea that we live on one of two branes whose separation can be parametrized by a scalar field φ. It is assumed that one can describe the brane interaction by an effective 4D theory with the effective potential V (φ) having a negative minimum. According to braneview, the potential V (φ) is the inter-brane potential caused non-perturbative virtual exchange of membranes between the boundaries. The interbrane force is what causes the branes to repeatedly collide and bounce. Consequently, the scale factor bounces and begins to expand. It is assumed that the potential V (φ) equals an extremely small value(∼ 10 −120 ) at large φ, and therefore the universe experiences a stage of extremely low-scale inflation associated with present stage of accelerating expansion. In the cyclic universe scenario the perturbations responsible for the formation of the structure of the universe are produced during the contracting regime of precious cycle. After the new cycle creates from singularity, the universe will experience radiation and matter domination, a low-scale inflation(i.e, dark energy domination) and contract again. Obviously there is no inflation in the very early universe. The author claimed that the cyclic model is able to reproduce all of the successful predictions of the consensus model (inflationary+Big Bang cosmology) with the same exquisite detail.
However, later, G.Felder, A.Frolov, L.Kofman and A.Linde [77] investigate the cyclic universe and show that there are some problems that need to be resolved in order to realize a cyclic regime in this scenario. They propose several modifications of this scenario and conclude that the best way to improve it is to add a usual stage of inflation after the singularity and use the inflationary stage to generate perturbations in the standard way. In fact the inflationary mechanism is not the alternative to big bang model, it can be accommodated into big bang model instead. So in order to solve some problems appeared in cyclic model we can also involve the inflationary mechanism, just as G.Felder, A.Frolov, L.Kofman and A.Linde have suggested in Ref [77] . In this cyclic model we will find that all the cosmological detail in the consensus model will appear. Very recently [83] , P.J.Steinhardt and N.Turok show that the cyclic model can naturally incorporate a dynamical mechanism that automatically relaxes the value of the cosmological constant. It can explain why the cosmological constant is small and positive, as observed today.
Conclusion and Summary
The main goal of this paper is to perform a general investigation of the NLBI scalar field cosmology with negative potentials. The cosmological solutions in different regime have obtained through some approximate approach. The results obtained in NLBI scalar field theory are quite different with that obtained in linear scalar field theory. A notable characteristic is that NLBI scalar field behaves as ordinary matter nearly the singularity while the linear scalar field behaviors as "stiff" matter. We also find that, due to the nonlinear effect, the oscillatory motion of φ in the vicinity when the universe evolve to contraction from expansion is different to linear scalar field. Moreover, the value of Hubble parameter H i at time i in NLBI scalar field theory is large than the one in linear scalar field theory. With the investigation of evolution with different value of m and V 0 , we find that in order to accommodate an accelerating expansive universe in which the large scale structure had formed, the value of m and |V 0 | must have a upper bound. Finally we review the negative potentials and the new cyclic model.
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